Nanomechanical motion measured with precision beyond the standard quantum limit 
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Nanomechanical oscillators are at the heart of 
ultrasensitive detectors of force [Ij, mass [2j and 
motion [ Sj [4l |5j |6j [7] • As these detectors progress 
to even better sensitivity, they will encounter 
measurement limits imposed by the laws of quan- 
tum mechanics. For example, if the imprecision 
[8j of a measurement of an oscillator's position is 
pushed below the standard quantum limit (SQL), 
quantum mechanics demands that the motion of 
the oscillator be perturbed by an amount larger 
than the SQL. Minimizing this quantum back- 
action noise and nonfundamental, or technical, 
noise requires an information efficient measure- 
ment. Here we integrate a microwave cavity op- 
tomechanical system [9j and a nearly noiseless 
amplifier [lOL 111] into an interferometer to achieve 
an imprecision below the SQL. As the microwave 
interferometer is naturally operated at cryogenic 
temperatures, the thermal motion of the oscilla- 
tor is minimized, yielding an excellent force de- 
tector with a sensitivity of 0.51 aN/\/Hz. In addi- 
tion, the demonstrated efficient measurement is 
a critical step towards entangling mechanical os- 
cillators with other quantum systems | jl2j . 

The quantum mechanical principle that an increasingly 
precise measurement of an oscillator's position be accom- 
panied by an increasingly large force acting back on that 
oscillator, sets the SQL as a natural scale for quantify- 
ing the noise of a measurement [T3]. The SQL is the 
spectral density of the apparent motion in an ideal mea- 
surement, when the backaction motion S^'^ and the im- 
precision S™'^ are equal (see Fig. [l]); it corresponds to a 
quarter quantum of mechanical noise energy Tiuj-a^/A and 
is given by S^'^^ = Ti/ (TO(jJm7in), where m is the mass, 
cjiji is the mechanical resonance frequency, and 7ni is the 
mechanical damping rate of the oscillator. 

An interferometer can, in principle, realize the ideal 
displacement measurement described in Fig. [l] by en- 
coding the oscillator's displacement into the phase of 
a light field [T?]. This phase response to motion can 
be resonantly enhanced by integrating a cavity con- 
taining the mechanical oscillator into the interferometer 
HEl US nil en UHl US] • The imprecision of such a cavity 
optomechancial measurement is 
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where the first term reflects the phase sensitivity of an in- 
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FIG. 1; Ideal displacement measurement. Displacement 
spectral density S^c in units of the SQL for temperature T = 0. 
Sx (red) has three contributions: the zero-point fluctuations 
of the beam (S*!^', orange), the detector noise (5™^, blue) 
given by the shot-noise limit, and the backaction (S'J?'', green) 
due to quantum fluctuations of the measurement signal act- 
ing back on the oscillator. At finite temperature there would 
also be a thermal contribution. The standard quantum limit 
(SQL, dashed-dotted line) is reached at the optimum power 
P^^^ where 5™p and S'T contribute equally such that the 
noise added by the measurement (grey-dashed line) is min- 
imal. The main graph shows the contributions to Sx as a 
function of power; the subfigures display them as a function 
of frequency for three different powers. Here, the white-noise 
background is the imprecision or apparent motion while the 
Lorentzian peak corresponds to the real motion, comprised 
of the zero-point and backaction motions (and the thermal 
motion for T > 0). 



terferometer which adds riadd quanta of noise while read- 
ing out the phase at a rate of P/{TilOc) photons per sec- 
ond; P is the incident power, and lOc is the cavity's res- 
onance frequency. The second term describes the trans- 
duction of displacement x of the mechanical oscillator 
into phase Lp. It is proportional to (7c/5)^, where 7c 
is the linewidth of the cavity and g — dujc/dx is the 
coupling between the oscillator's motion and the cavity's 
resonance frequency. The last term puts the imprecision 
in units of S^'^^. Equation [l] demonstrates that the ab- 
solute imprecision is reduced by measuring with larger 
power, stronger coupling, and minimum added noise. 
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FIG. 2: Interferometric measurement schematic, a, The microwave cavity (green-dashed box) is represented by an LC 
resonator which is coupled capacitively to the interferometer. While the inductance is fixed, the total capacitance depends 
on the position of a mechanical oscillator (red-dashed box). The motion of the mechanical oscillator thus modulates the 
cavity resonance frequency and a phase shift tp is imprinted on a microwave signal. After amplification with a JPA at 15 mK 
and a HEMT amplifier at 4 K, is measured with a homodyne detection scheme, b, This false-color optical image shows 
the microwave resonant circuit fabricated from aluminum (light brown) on a silicon substrate (green). The nanomechanical 
oscillator is integrated near the coplanar waveguide (CPW) which couples the interferometer to the cavity optomechanical 
system, c, False-color scanning electron micrograph of the aluminum wire freely suspended over a hole (black) in the substrate. 



The relative imprecision compared to the SQL benefits 
from low-mass and high-quality factor Qm = i^m/7m me- 
chanical oscillators. 

Our experiments use a microwave cavity optomechan- 
ical system and combine the desirable properties of 
nanomechanical oscillators with the simplicity and ideal- 
ity of an interferometric measurement. Optical interfer- 
ometers can operate at the shot-noise hmit (riadd = 0), 
but are coupled to larger oscillators. While recent ex- 
periments couple nanomechanical objects to evanescent 
optical fields [U [501 HI] > only interferometers incorporat- 
ing stifFer or heavier oscillators achieve the best abso- 
lute displacement sensitivity [111 112] and have recently 
approached the SQL [H HIl UHl HH HI]. Our alterna- 
tive strategy is to use microwave circuits which naturally 
couple to nanomechanical oscillators ^ . This method is 
especially beneficial for sensitive force measurements and 
for observing the quantum behavior of mechanical oscil- 
lators [12j because it is compatible with ultralow temper- 
atures. In addition, microwave cavities can be built as 
lithographically fabricated integrated circuits and thus 
provide a flexible architecture for measuring mechani- 
cal motion and coupling motion to other quantum sys- 
tems [3S]. Until recently, the best option for measur- 
ing microwave fields was a cryogenic high electron mobil- 
ity transistor (HEMT) amplifier, but this amplifier con- 
tributes more than 20 quanta of noise to riaddi i-e. about 
40 times the vacuum noise. This added microwave noise 
translates directly into a degraded imprecision for the 



mechanical motion [5]. To overcome this added noise, 
we developed a nearly shot-noise-limited microwave in- 
terferometer which we use to infer the thermal motion 
of a nanomechanical oscillator with an imprecision below 
the SQL. The key element of this system is a degenerate 
Josephson parametric amplifier (JPA) capable of mea- 
suring microwave fields with nadd < 1/2. 

We detect the motion of the oscillator with a mi- 
crowave analog of a Mach-Zehnder interferometer (Fig. 
2). A microwave tone is split and injected into the two 
arms of the interferometer. One arm forms the phase ref- 
erence; the other arm contains the cavity optomechani- 
cal system which is a microwave resonant circuit with an 
embedded nanomechanical oscillator. Variation of the 
oscillator's position alters the capacitance of the electri- 
cal circuit and therefore its resonance frequency. The 
microwave tone excites the circuit and acquires a phase 
shift proportional to the mechanical motion. That phase- 
modulated microwave signal is first amplified with the 
JPA and a cryogenic HEMT amplifier and then mixed 
with the phase reference, completing the microwave in- 
terferometer. This sensitive phase measurement allows us 
to fully characterize the electrical and mechanical prop- 
erties [9l of the cavity optomechanical system in a 
dilution refrigerator at temperatures below 100 mK. 

As in our previous work, we realize a microwave cavity 
optomechanical system where the mechanical degree of 
freedom is the fundamental mode of a freely suspended 
aluminum wire. In contrast to our earlier work |51 12411^ . 
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FIG. 3: Displacement sensitivity below the standard quantum limit, a, Shown in red (with a Lorentzian fit) is the 
spectral density of the displacement fluctuations in units of the standard quantum limit plotted versus the Fourier frequency 
u. The imprecision (white-noise background) of this measurement lies below the SQL (black dashed-dotted line). In the inset, 
we use passive feedback to increase improving the imprecision compared to the SQL, but at the cost of amplified motion, 

b, Imprecision 5'™'' (blue-filled data points) and total noise Sx (red-open data points) in units of the SQL as a function of 
incident microwave power. The data points at the highest power (shown as squares) were extracted from the data shown in Fig. 
The statistical error is smaller than the size of the symbols. The blue continuous line shows the theoretical prediction for 
with a shot-noise-limited interferometer given our measured mechanical properties. The blue-dashed line is the theoretical 
imprecision including the noise added by the entire measurement chain, independently measured to be riadd ~ 1-3. 



we embed a longer wire into a smaller microwave cav- 
ity. As the wire's motion now varies a larger fraction 
of the circuit's total capacitance, we achieve a much 
larger coupling: g = 27r x 32 kHz/nm. The wire has 
dimensions of 150 pmxl70 nmxl60 nm, yielding a to- 
tal mass m = (11 ± 2) pg and a mechanical resonance 
frequency 0;^ = 27r x 1.04 MHz. It is co-fabricated 
within an aluminum superconducting inductor-capacitor 
(LC) resonant circuit, which behaves as a microwave cav- 
ity with = 27r X 7.49 GHz. The cavity linewidth 
7c = 27r X 2.88 MHz is designed so that it is compa- 
rable to LOra to facilitate the best possible displacement 
sensitivity. 

Having determined these system parameters, we can 
deduce the displacement fluctuations of the nanomechan- 
ical wire from the phase fluctuations at the output of the 
interferometer. Figure [3] shows the displacement noise 
spectral density of the wire in units of the SQL. Figure |3ji 
displays our lowest achieved imprecision of (0.80±0.03) x 
S^"^^, or 0.2 mechanical quanta. In absolute units, this 



imprecision 



is S^, = 



The 



(4.8±0.4)fm/VHz 
tainty in the absolute imprecision is dominated by the 
uncertainty in the mass. However, the determination of 
the imprecision compared to the SQL is independent of 
mass. From the peak height above 5'™^, we infer the tem- 
perature corresponding to the wire's real thermal motion 
to be 130 mK, or 2600 mechanical quanta. Note that, in 
principle, the imprecision can be arbitrarily small com- 
pared to the SQL. For example, the imprecision com- 



pared to the SQL can be artificially reduced by using 
feedback to apparently increase Q^. We use passive feed- 
back from radiation pressure forces [23] to increase Qm 
to 1.5 X 10® (inset Fig. [3^), increasing the value of S^'^^ 
such that S'i'°P = 0.07 x S'fQL. However, the absolute 
imprecision remains the same. Furthermore, feedback 
amplifies the thermal motion to 2.5 K. Because this ar- 
tificial improvement in imprecision has come at the cost 
of a proportionally larger total displacement noise, we 
now focus solely on the intrinsic imprecision, i.e. in the 
absence of feedback. 

To demonstrate that the intrinsic imprecision of our 
interferometer is close to the shot-noise limit and that 
we can account for deviation from this limit, we measure 
the displacement noise as a function of incident power. In 
Fig. 3b we show the power dependence of both the impre- 
cision 5™? (blue-filled symbols) and of the total displace- 
ment noise Sx (red-open symbols) extracted from noise 
spectra such as that shown in Fig. |3^. We also display 
the predictions for the imprecision according to equation 
^. The shot -noise limit is shown as a solid blue line. 
From independent measurements, we estimate that the 
noise added by our microwave interferometer is reduced 
from riadd = 55 when amplifying with the HEMT only to 
fiadd = 1.3 when using the JPA (see Methods and ref 13). 
The reduction in noise provided by the JPA is equivalent 
to an improvement from 0.9% to 27% in the quantum 
efficiency of a photodetector reading out an ideal inter- 
ferometer. The expected imprecision for 27% quantum 
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efficiency, or riadd = 1-3, is plotted as a dashed line in 
Fig. [sja, showing that equation ([T| accurately predicts 
the observed imprecision without adjusting any parame- 
ters. The predictions of equation ^ are not straight lines 
because they account for the measured values of 7c and 
7m which vary with P. Generally, 7,n increases with P. 
This effect and other power-dependent sources of tech- 
nical noise (Supplementary Information) prevent further 
improvement in the imprecision. They also account for 
the larger total displacement fluctuations at higher 
power. Because technical noise increases with P, a quan- 
tum efficient measurement which minimizes the power 
needed to reach a given imprecision is always desirable. 
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FIG. 4: Force sensitivity. The force spectral density Sf is 
shown as a function of |tj— tJm|/27r for a measurement with the 
HEMT amplifier only (red) and with the JPA (blue). The in- 
set shows the displacement power spectral density from which 
these force spectra are inferred, demonstrating the large im- 
provement in displacement imprecision when using the JPA. 
As the imprecision is negligible in comparison to the thermal 
motion with and without the JPA, the force sensitivity is not 
significantly improved. However, there is a fivefold increase in 
the bandwidth of the force sensor with the JPA, correspond- 
ing to the larger frequency range over which the sensitivity is 
not limited by the imprecision (indicated by the dashed green 
lines). At the low microwave power used in this measurement 
(P = 1 pW), T = 77 mK, = 6.2 x 10^, and the resuhing 
force sensitivity on resonance is Sf = (0.26 ± 0.04) aN^/Hz, 
where the dominant uncertainty comes from that of the mass. 



4fcBP'Tioff7m, where T is the temperature corresponding 
to the thermal motion of the oscillator. Because both 
T and 7,n are smaller for lower power, the optimal force 
sensitivity occurs at a power much less than that needed 
to reach the SQL. Figure |4] shows the displacement and 
force spectral densities of the oscillator, measured with 
and without the JPA. Measuring with the JPA improves 
the displacement imprecision by a factor of more than 
28 (inset Fig. [4]) . As the dominant source of noise near 
is the thermal motion, we achieve a record force sen- 

r 1 ^ 

sitivity of Sp — (0.51 ± 0.04) aN/-\/Hz on resonance, 
both with and without the JPA. However, using the JPA 
increases the bandwidth of the force sensor by a factor of 
5. 

In addition to practical applications [26J enabled by 
this exquisite force sensitivity, the combination of a 
highly efficient microwave interferometer with a high-Q 
and low-mass mechanical oscillator opens the route to 
new experiments probing the quantum nature of tangible 
objects. The long-standing goal of preparing a mechan- 
ical object in its ground state implicitly requires a mea- 
surement sensitive enough to resolve the residual quan- 
tum motion. We previously demonstrated the ability 
of our microwave cavity optomechanical system to cool 
the nanomechanical oscillator using dynamical backac- 
tion |24j in the resolved-sideband regime. In this regime, 
it is, in principle, possible to cool to the ground state |1S] . 
With the excellent imprecision presented in this work, the 
zero-point motion of the oscillator would be easily resolv- 
able above the measurement background. Once the me- 
chanical oscillator is in its ground state and sensed with a 
quantum- limited measurement, a broad field of challeng- 
ing and inspiring experiments would be accessible. These 
experiments include the generation of squeezed states of 
the mechanical mode [27], the use of mechanics to pro- 
duce squeezed states of the light field [28], and the cre- 
ation of entanglement between mechanical motion and 
other quantum systems [TH HH] ■ Even tests of quantum 
theory itself have been discussed for optomechanical sys- 
tems l30l. 



METHODS 



In addition to reducing the power required to reach 
the SQL, the JPA also reduces the power at which the 
imprecision becomes less than the thermal motion of the 
oscillator. Once the imprecision is small compared to the 
thermal motion, a high-Q nanomechanical oscillator op- 
erated at cryogenic temperatures becomes an excellent 
force sensor [1]. The sensitivity to a force applied at the 
center of the wire is Sp = '2Sx/\H{uj)\'^, where the me- 
chanical susceptibility is H{lu)~^ = 171^^(10'^— Lo'^^ — i^mUj), 
and rries = m/2 is the effective mass of the fundamen- 
tal mode. The force sensitivity on resonance is Sp = 



To estimate the contributions to the added noise, we 
use a calibrated and variable source of microwave noise 
power [11]. We infer that the JPA adds 0.3 microwave 
quanta of noise and that the HEMT amplifier alone adds 
24.5 microwave quanta of noise to our measurement. 
When operated with the JPA, the contribution of the 
HEMT amplifier's added noise is divided by the JPA's 
gain, typically 20 dB. Including the losses introduced by 
circulators and transmission lines between the cavity op- 
tomechanical circuit and the different stages of amplifi- 
cation, we estimate that the interferometer adds 1.16 mi- 
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crowave quanta of noise to the measurement. The input 
signal is heavily attenuated by more than 50 dB at cryo- 
genic temperatures to reduce its thermal noise to about 
0.17 microwave quanta of noise in addition to the half 
microwave quantum of vacuum noise. In total, we esti- 
mate the number of added quanta to be Uadd = 1-3. Our 
current design was chosen to allow us to simultaneously 
measure multiple cavity optomechanical devices, at the 
cost of not measuring half of the microwave power exit- 
ing the cavity. This effect is accounted for in the d(f/dx 
term of equation ([T]). However, a simple modification of 
the geometry would allow us to measure all of the exiting 
power. For the same amount of energy stored in the res- 
onator, this modification would improve the imprecision 
by a factor of two. 
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